Résumé. 2014 On développe un formalisme général permettant de 
Line-shapes in Doppler-free two-photon spectroscopy. Since the first experiments in 1974 [1, 2, 3] , Dopplerfree two-photon spectroscopy has found a wide range of applications, a review of which can be found for instance in [4] . With the improvement of c.w. lasers has come increased accuracy, allowing detailed expla--nations of experimental line-shapes. The aim in this paper is to present the detailed calculation of lineshapes, emphasising in particular the role of the transit time of the atoms through the laser beam, and comparing the results with experiment. The problem of transit time has been thoroughly studied in the case of saturated absorption spectroscopy [5, 6, 7, 8] . But the problems involved in two-photon absorption are quite different and more simple, because the part of the Hamiltonian corresponding to the Doppler free line in a stationary field is independent of the atomic velocity.
In the first section we deal with the interaction of an atom with a monochromatic light field in the steady state. The results have already been published in references [9] and [10] , but we introduce our notations and justify the preliminary formulas which will be used in the following sections.
In the second section we develop a general formalism, suitable for the case of non-monochromatic fields, with which one can easily include the effects of finite transit times and of collisions.
In the third section we apply these general formulas to the transit time problem. The calculated line-shape is found to be in agreement with that calculated by Bordé [11] in the case of a three-level system.
In the fourth and final section we present experimental spectral profiles and demonstrate that these are well interpreted with our calculations. Fig. 1 ). We suppose that this process is predominant, with a small energy detuning :
from the resonant, two-step transition frequency. Other single photon transitions between 1 g) and other excited levels r ), of energy Er = Eg + nWgr, are assumed to be far from resonance, i.e. the energy defect is taken to be large.
The aim in this section is to recall the fundamental formulas needed as a basis for our calculations, and in particular to introduce the two-photon operator.
Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphys:01979004005044500 This operator has been introduced in reference [10] (see also [12, 13, 14] Q£1£2 is the two-photon transition operator.
We must then add to (10) the contribution from the process in which the atom absorbs a photon of wave 2 first, followed by a photon of wave 1. The expression for the state vector 'P(t) will contain the symmetrical two-photon transition operator QÉ E2
As a consequence of the condition ( 11 ) , the atomic velocity v has disappeared from the expression (10) and the calculated result will be independent of velocity, i.e. without Doppler broadening.
We must now perform the remaining integration of ( 10) (15) that the probability of absorbing two photons propagating in opposite directions is four times the probability of absorbing two photons from the same wave : the area under the Lorentzian curve is twice that under the Gaussian [10] .
Owing to the fact that the Doppler width is usually 100 or 1 000 times larger than the natural width and the areas of the two curves are of the same order of magnitude, it follows that the height of the narrow Lorentzian curve is 100 or 1 000 times greater than that of the Gaussian ; the latter curve appearing as a very small background.
As an example, we reproduce in figure 2 ân experimental recording of the amount of two-photon absorption as a function of the laser frequency for the transition 3S --&#x3E; 4D in sodium [17] . In this recording, the relative importance of the Gaussian background is increased owing to the presence of four [10] and [4] . Here we will be interested only in relative values of the transition probabilities at various laser frequencies. (21) , and these terms only will be retained in the following.
In order to calculate the vector state 1 'P(t) ) needed in the evaluation off De' & # x 3 E ; , we use time-dependent perturbation theory with the perturbation Hamiltonian given by (5) . We choose to perform the calculations in the Schrôdinger representation, and not in the interaction representation, since this allows us to use the unperturbed Hamiltonian Je1 (eq. (3)) which is non-Hermitian, thereby including the effects of relaxation by spontaneous emission. In order to simplify the formulas we introduce the notation :
As we will see, it is necessary to develop the perturbation calculation to third order. However, we will retain only those terms corresponding to the absorption of two photons (thus neglecting induced emission processes by assuming that the two-photon transition is far below saturation). To first and second order, the retained terms are those from the term in e-"t in the electric field expression (17) ; the third order term is more complex :
Performing the integrals over t3 in the second order and third order terms is analogous to transforming equation (9) into (10) : the relaxation time inside the Hamiltonian Hi reduces to zero the term corresponding to one of the two time-limits of integration.
Further, the conditions (11) and (18) allow the approximation necessary for the introduction of the twophoton operator to be made (12) . Introducing the new variables 0 = t -11 and i = t -t2 or i = t1 -t2, we obtain
In calculating the mean value ( f 1 D£+ 1 tp ), we exclude those terms which correspond to one photon transitions (see hypothesis (1) and (2)) and we retain only those which contribute to the integral (21) . In fact there are only two such terms : one is obtained from the product of first-order and second-order terms in (24) , while the other is got from a product of zero-order and third-order terms. These two terms correspond to the absorption of one photon in each of the two steps of the complete process (g --&#x3E; r and r --. e) :
Performing the integrals over 0 allows the introduction of the two-photon operator again and also shows that both terms on the right hand side of equation (25) are equal with the same sign :
It is now easy to evaluate (26) and hence find the following expression for the absorbed energy (21) :
To proceed further we make the following observations : the assumption (18) [20] .
With the laser operating in a single longitudinal TEMoo mode, the spatial distribution of the electromagnetic field can be described by a Gaussian function. The atoms are observed in the vicinity of the waist of the focussed Gaussian beam over a length L which is small compared to the Rayleigh length ZR [20, 22] . We suppose that the two counter propagating light beams have identical geometry, but may have different intensities. Assuming the same linear polarization for the two beams, then the expression of the electric field is where w. is the beam radius at the waist.
The method consists in first calculating the energy absorbed by an atom with a well defined trajectory which passes through the beam, and then averaging this quantity over all atoms to obtain an expression for the line-shape.
Let us consider an atom fallowing a straight line trajectory whose projection on a plane perpendicular to the beam axis is represented in figure 3 .
Let p be the minimum distance between the atomic trajectory and the beam axis, and let vr and vz denote respectively the radial and axial components of the velocity. We express the atomic coordinates as functions of time (the time origin being when the atom passes at the minimum distance p) ; we then deduce the electric field seen by the atom :
The averaging calculations will be simplified by the fact that the temporal variation of E(t) is independent of p.
We must first calculate the square of the electric field. In this calculation we retain only the terms with e -2iroLt which are efficient for two-photon absorption :
Of the three terms in (41) only the first is independent of the atomic velocity and corresponds to the narrow absorption peak without Doppler broadening ; we neglect the other two terms, which represent the smallamplitude, Doppler broadened background (see section 1).
Hence, using (35), the Fourier transform A(Q) of E(t)2 is given by :
The total energy absorbed by the atom is then (formula (38) [11] in the case of a three level system :
The absorption profile as a function of wL is the convolution of a Lorentzian curve of width Te/2 with a double exponential curve of width à Log 2 at half maximum. The parameter ô characterizes the broadening due to the transit time through the laser beam. This broadening is symmetrical and the two-photon absorption lines are not shifted by this effect. Let us point out that the particular sharppoint shape of the broadening is due to slow atoms, which stay a long time in the beam and contribute much to be absorption but very little to the broadening. It can also be remarked that the calculation is not valid for atoms of very low radial velocity vr, since such atoms do not have sufficient speed to pass through the beam during the time interval ôt. Nevertheless, it can be shown that the corresponding correction is negligible [20] .
In the case where the transit time 1/à is much larger than the lifetime of the excited state, i.e. ô T e, the broadening associated with the double exponential curve will be negligible. The double exponential function in (46) can be replaced by a delta function and the resulting expression for the absorbed power is :
where F (2) is the two-photon transition probability in the centre of the light beam, being a Lorentzian function of COL, as given by (14) . The total power absorbed in the waist of the Gaussian beam is equivalent to that absorbed in the strongest electric field found in a cylinder of radius wo/2. Formula (48) could alternatively be obtained directly by integrating the transition probability (14) over the volume of the Gaussian beam. completely neglected [23, 24] .
The experimental set-up is basically that described in earlier publications [25, 26, 4] . However, the feed-back loop which controls the dye laser frequency has been improved and this has allowed frequency jitter to be reduced to less than 1 MHz. In order to obtain a linear scan of the laser frequency with time, the extemal etalon to which the frequency is locked is pressure swept. [10] . For example the curve shown in figure 4 [27, 28] In other words, the time taken for the two-photon absorption process to occur -I/Aco, -must be short compared to the collision time, tc. Such a condition excludes the case where a collision takes place between the absorption of two photons.
In conclusion, the effects of collisions on twophoton absorption result in a Lorentzian line-shape, and can thus be described by two quantities : the shift of the line's centre and the broadening.
